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Improving aircraft fuel efficiency requires the application of high-temperature and high-strength ceramic matrix 
composites (CMCs) to engine components, necessitating enhanced material properties, highly accurate structural 
strength predictions, and a thorough understanding of fracture mechanisms. In this study, damage models under static 
tensile loading in the fiber direction of unidirectional CMCs were constructed to enable precise prediction of the 
material behavior of unidirectional CMCs. By employing both matrix crack growth and fiber breakage models, it is 
possible to accurately predict the stress–strain and crack density–stress relationships obtained in experiments.

1.	 Introduction

In recent years, in the aircraft industry, the demand for 
reducing environmental impact to realize a sustainable 
society has been increasing. As one of the efforts to reduce 
environmental impact, technological development aimed at 
improving fuel efficiency has been carried out. Methods for 
improving fuel efficiency include increasing the turbine inlet 
temperature and reducing aircraft weight. One technology 
that can contribute to these methods is the application of 
ceramic matrix composites (CMCs) to engine components. 
To date, research and development aimed at applying CMCs 
to various engine components has progressed, and the 
development of high-strength CMCs applicable in higher 
temperature environments is required for further 
improvements in fuel efficiency. To achieve this, it is 
necessary to improve material properties and accurately 
predict strength. To improve material properties, in addition 
to enhancing the properties of individual materials, 
appropriate combinations of constituent materials are 
important, and accurate strength prediction requires a 
sufficient understanding of fracture phenomena. Therefore, 
it is important to accurately predict the behavior of 
composites by modeling the fracture phenomena of 
constituent materials such as fibers, interphases, and 
matrices. Figure 1 shows the microscopic damage in 
unidirectional CMCs. When a load is applied in the fiber 
direction of unidirectional CMCs, matrix cracks form. 
However, to prevent brittle fracture of the entire CMCs, the 
material is designed so that the matrix cracks do not 
propagate into the fibers, but instead are deflected toward 
the fiber/matrix interfaces, resulting in interfacial debonding. 
As the load is further increased, matrix cracks form at 
multiple locations, and interfacial debonded regions between 
the fibers and matrix expand, eventually suppressing the 
formation of additional matrix cracks. Furthermore, fibers 
fracture locally at mechanically weak regions and eventually 

break when the fibers can no longer withstand the applied 
load. The mechanical properties change as these types of 
microscopic damage develop.

Therefore, this study aimed to establish a damage model 
for unidirectional CMCs under static tensile loading in the 
fiber direction and to accurately predict the material behavior 
of unidirectional CMCs, including the stress–strain 
relationship and crack growth process. Calculations were 
performed using the developed damage model, and the 
validity of the model was verified by comparing the 
calculated results with the experimental results.

2.	 Random matrix crack growth model

2.1	 Energy release rate associated with matrix crack 
formation

This section presents the energy release rate associated with 
matrix crack formation, which is necessary for simulating 
matrix crack growth. Figure 2 shows a new matrix crack 
formed between existing matrix cracks. The energy release 
rate d mξ  associated with a new matrix crack formation is 
given by Equations (2-1) to (2-6)(1).
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Fig. 1   Schematic of damages in unidirectional CMCs
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where 0ξ  is the reference energy release rate, σ1 is the tensile 
stress, σ th is the thermal residual stress, σdeb is the interfacial 
debonding stress, x1+ and x1− are the distances to adjacent 
cracks, δ is the interfacial debonding length, r f is the fiber 
radius, τ is the interfacial frictional stress, Vf is the fiber 
volume fraction of the unidirectional composite, Vm is the 
matrix volume fraction of the unidirectional composite, Ef is 
the longitudinal elastic modulus of the fiber, Em is the 
longitudinal elastic modulus of the matrix, E1 is the 
longitudinal elastic modulus in the fiber direction of the 
unidirectional composite, αf is the thermal expansion 
coefficient of the fiber, αm is the thermal expansion 
coefficient of the matrix, T is the temperature, T0 is the 
temperature at which the thermal residual stress is zero, and 
Γd is the critical energy release rate for interfacial debonding. 
Superscripts I to VI indicate the classifications according to 
the relative positions of the matrix cracks and the overlap 
conditions of the interfacial debonding regions(2). Cases I to 
V correspond to equations obtained by adding a second term 
representing the effects of the thermal residual stress σth and 
interfacial debonding stress σdeb to the equations of Zok and 
Spearing(2), whereas Case VI corresponds to the equations of 
Zok and Spearing.
2.2	 Calculation of matrix crack growth using the 

Monte Carlo method
Using the matrix crack growth model formulated in 
Section 2.1 in combination with the Monte Carlo method, a 
calculation model considering the variation of defects was 
developed under the assumption that matrix cracks are 
formed by the local fracture energy (critical energy release 
rate) within the matrix, and the stress–strain relationship and 
crack density were calculated. Figure 3 shows the calculation 
model. A calculation region having a length L in the fiber 
direction was considered, and the formed cracks were 
assumed to penetrate the calculation region. The calculation 
region was divided into N elements in the fiber direction, 
and the size of each element at its location was defined as 
Δl = L/N. In addition, at position i, the distances to the 
adjacent cracks were defined as x1+ and x1−, and the energy 
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release rate d mξ  due to matrix crack formation was calculated 
using Equations (2-1) to (2-6), depending on the relative 
positions of the interfacial debonding length δ and the 
cracks. Equations (2-2) to (2-6) were derived under the 
condition x1+ ≤ x1−; in the case of x1+ > x1−, x1+ and x1− should 
simply be interchanged. Moreover, matrix cracks were 
assumed to be formed when Equation (2-11) is satisfied.

d V im m m≥ ( )ξ Γ     ................................................  (2-11)

where Γ m ( i ) is the fracture energy of the matrix at position i, 
which is assumed to depend on the defect distribution. The 
variation in the matrix fracture energy was assumed to follow 
a Weibull distribution. Specifically, using the Weibull 
distribution Ri given by Equation (2-12), random numbers 
following the Weibull distribution were generated from 
uniformly distributed random numbers by the inverse 
transform method, and the fracture energy Γ m ( i ) at each 
position was then calculated.
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where Γ ms is the scale parameter, Γ mg is the shape parameter, 
Vm0 is the reference volume, and ΔV is the volume of each 
divided element. The volume was defined as the volume per 
unit width obtained by dividing by the width of the test 
specimen, and the reference volume Vm0 was assumed to 
follow Equation (2-13).

m r= ×V L b Vm0 ×     .............................................  (2-13)
where br is the reference thickness. In addition, the volume 
ΔV of each divided element is given by Equation (2-14).

V l= ×∆ ∆ b Vr m×     ............................................  (2-14)
Moreover, the crack density ρ1 was calculated from the 

number of cracks n and the length L, as given by 
Equation (2-15).
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Furthermore, the average strain 1 over the entire calculation 
region was defined as the average of the fiber strain  ( )if

m  at 
each position i.
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The fiber strain  ( )if
m  at each position i was calculated 

using Equations (2-17) to (2-20)(1), taking into consideration 
the distances to the adjacent cracks x1+ and x1−.
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where 10 is the strain of the unidirectional composite without 
damage, th is the thermal strain, deb is the strain associated 

with the interfacial debonding, as given by Equations (2-21) 
to (2-23).
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In addition, β is a material constant related to the fiber and 
matrix.
2.3	 Parameters used in the calculations
To validate the calculation model, the experimental results(3), (4) 
for a unidirectional CMC laminate [0]12 composed of silicon 
carbide (SiC) fibers and a calcium alumino-silicate (CAS) 
matrix were used. In the calculation model, L = 10 mm, 
N = 10,000, and the maximum stress σ1max = 400 MPa were 
used. The material parameters are listed in Table 1. The 
reference thickness br was defined as the thickness of the test 
specimen. Moreover, this calculation model requires the 
values of material parameters such as the parameters Γ ms and 
Γ mg related to the fracture energy of the matrix, the interfacial 
debonding energy Γ d, and the interfacial shear stress τ. 
Specific values of the interfacial debonding energy and the 
interfacial shear stress are listed in Table 2. Although various 
measurement methods have been proposed, the measured 
values differ significantly depending on the methods. 
Therefore, to determine the values of the parameters, the 
ranges were narrowed by varying the value of the interfacial 
debonding energy Γ d and calculating the interfacial shear 
stress τ and the parameters Γ ms and Γ mg related to the fracture 
energy of the matrix when the calculated stress–strain 

Table 1   Parameters of unidirectional SiC/CAS composites

Symbol Explanation Value Unit

Ef Young’s modulus of the fiber 190 (3), (4) GPa

α f
Thermal expansion coefficient of the 
fiber

3.3 × 10 −6(3), (4) K−1

Em Young’s modulus of the matrix 90 (3), (4) GPa

α m
Thermal expansion coefficient of the 
matrix

4.6 × 10 −6(3), (4) K−1

Vf Fiber volume fraction 0.34(3), (4) —

ΔT Temperature difference during forming −1,200 (3) K

rf Fiber radius 8 (3) μm

br Reference thickness 2.1(3) mm

Table 2   Interface sliding stress and interface debonding energy  
              of SiC/CAS by each method	

Explanation Method Value Unit

Interfacial 
shear stress τ

Matrix crack stress 10 to 15 (9) MPa

Fiber bundle push-out 14 to 19 (5) MPa

Push-down using the 
Marshall model

29 ± 3 (load)(10), (11)

21 ± 2 (maximum load)
MPa

Interfacial 
debonding 
energy Γ d

Fiber bundle push-out ≈ 0.0 (5), (6) J/m2

Non-elastic strain 0.1(7) J/m2

Permanent strain 0.3(12) J/m2

Hysteresis analysis 0.5 ± 0.3(6), (8) J/m2
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relationship and crack density–stress relationship agreed 
with the experimental results. Regarding the minimum value 
of the interfacial debonding energy, fiber bundle push-out 
tests indicated a value of approximately 0.0 J/m2(5), (6); 
however, no explicit value was presented. In contrast, He et 
al. used 0.1 J/m2(7) as the interfacial debonding energy in 
their study of inelastic strain. Since it is difficult to consider 
the interfacial debonding energy to be 0.0 J/m2, a value of 
0.1 J/m2 was also used in this study. In addition, for the 
interfacial debonding energy, the value obtained by the 
hysteresis analysis method, which showed the maximum 
value among the investigated results, namely 0.8 J/m2(6), (8), 
was also used in the calculations.
2.4	 Calculation results
Table 3 lists the parameters adjusted so that the calculated 
results agree well with the stress–strain and crack density–
stress relationships obtained in the experiment(3). First, a 
Monte Carlo simulation was performed to confirm whether 
random matrix crack growth could be simulated. Figure 4 
shows the distribution of the axial fiber strain  f

m as a solid 
blue line, the matrix energy release rate d mξ  as a solid orange 
line, and the fracture energy distribution VmΓ m as black dots. 
It was confirmed that cracks were formed when the matrix 
energy release rate exceeded the fracture energy at a certain 

position, resulting in a reduction in the matrix energy release 
rate and the development of a strain distribution in the fibers. 
It was also confirmed that random crack growth occurred 
through repeated redistribution of the matrix energy release 
rate and fiber strain due to crack formation, together with the 
increase in stress.

Next, the stress–strain and crack density–stress relationships 
obtained from three Monte Carlo simulations are shown in 
Figs. 5 and 6, respectively. Almost no variation was observed 
in the stress–strain relationships, whereas the crack density–
stress showed variations comparable to those in the 
experimental results. Therefore, it was found that variations 

Table 3   Parameter adjustment results for each case

Case
Γ d

(J/m2)
τ

(MPa)
Γ ms

(J/m2)
Γ mg

(–)

1 0.1 18 15 4

2 0.8 13 10 3
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in fracture energy have no significant effect on the 
parameters. Furthermore, for Cases 1 and 2, the calculated 
and experimental stress–strain relationships showed good 
agreement up to the initial pseudo-ductile region, while 
the calculated and experimental crack density–stress 
relationships showed good agreement throughout the entire 
process from crack initiation to saturation. However, after 
crack saturation, the stress–strain relationships no longer 
agreed. Assuming that the matrix does not bear the load and 
that the fibers remain intact, Vf  Ef was calculated as 64.6 GPa, 
which differs from the experimental tangent modulus of 
approximately 45 GPa. This discrepancy is considered to be 

due to the neglect of fiber breakage. Fiber breakage will be 
discussed in Chapter 4.

In addition, although the present calculations narrowed the 
ranges of the interfacial debonding energy Γ d, interfacial 
shear stress τ, scale parameter Γ ms, and shape parameter 
Γ mg, it is necessary to determine the value of each parameter 
for further calculations. Here, the details of the stress–strain 
relationships in Fig. 5 and the crack density–stress 
relationships in Fig. 6 were reexamined. Near the stress of 
200 MPa, where matrix crack growth was observed, the 
calculated results reflected stress reduction caused by fiber 
breakage associated with matrix cracking. Therefore, the 
calculated and experimental results near a stress of 150 MPa, 
where matrix cracks began to initiate and the influence of 
fiber breakage was negligible, were examined. In the stress–
strain relationships shown in Fig. 5, no clear difference was 
observed between Cases  1 and 2, whereas in the crack 
density–stress relationships shown in Fig. 6, Case 1 showed 
better agreement between the calculated and experimental 
results than Case 2. In Case 2, the calculated and experimental 
results for the matrix crack initiation stress could not be 
matched by parameter adjustment, and the calculated results 
were higher than the experimental results. This is considered 
to be due to the large interfacial debonding energy. When 
matrix cracking and interfacial debonding occur, the energy 
supplied by the applied load is consumed by the interfacial 
debonding, thereby reducing the energy available for matrix 
crack initiation. This is considered to be the reason why the 
calculated matrix crack initiation stress becomes higher. 
Based on the above discussion, the parameters of Case  1 
were used in the subsequent calculations.

3.	 Periodic matrix crack growth model

3.1	 Calculation model
In Chapter 2, the random matrix crack growth model made it 
possible to represent the stress–strain relationships and crack 
density–stress relationships up to a stress of approximately 
200 MPa, at which matrix cracking saturates. However, to 
understand fracture phenomena over a wide region, such as 
those occurring in textile composites and components, it is 
necessary from the viewpoint of computational cost to use a 
model that replaces random material behavior, including 
local effects, with averaged material behavior. Thus, a 
periodic matrix crack growth model considering variations 
in defects was formulated, and it was examined whether 
calculation results equivalent to the stress–strain relationships 
and crack density–stress relationships obtained from the 
Monte Carlo simulations could be reproduced.

First, in the periodic matrix crack growth model shown in 
Fig. 2, it was assumed that a new crack forms at the midpoint 
between adjacent cracks. In this case, the energy release rate 
d mξ  due to matrix cracking varies depending on the interfacial 
debonding length δ and the crack spacing x1 and is given by 
Equations (2-1), (2-4), and (2-6) in Section 2.1 with x1+ = 
x1− = x1. Here, since crack formation is assumed to occur 
periodically, the average crack spacing x1 differs from the 
results obtained from the Monte Carlo simulations. Therefore, 
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a correction coefficient was applied to the average crack 
spacing x1 and the modified average crack spacing x1

*, which 
takes variation in crack positions into account, was introduced.
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The correction coefficient Λ was set to 1.337, as obtained 
from a theoretical one-dimensional random packing 
problem(13), (14).

Next, Equation (3-5) was used as the condition for crack 
growth.

d Vm m mR≥ξ Γ     .....................................................  (3-5)

where Γ mR is the fracture energy of the matrix. The 
relationship between the fracture energy and crack density 
obtained from the Monte Carlo simulations, together with 
the fitting curve, is shown in Fig. 7. Since the fracture energy 
increases during the crack growth process, the matrix 
fracture energy Γ mR was assumed to satisfy Equation (3-6) as 
a function of crack density 1

*ρ  considering variations.
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where Γ m0 is the initial fracture energy, Γ mmax
 is the maximum 

fracture energy, ρ0 is the characteristic crack density, and a is 
the coefficient related to defect variations. Using the crack 
density–fracture energy relationship obtained from three 
Monte Carlo simulations for Case 1 in Table 3, each parameter 
was determined by the least-squares method under the 
constraint condition of Γ m0 = 6 J/m2(3). The parameters for 
the fitting curve are  Γ mmax

 = 37.1 J/m2, ρ0 = 4.38 mm−1, and 
a = 0.763. Furthermore, for each stress σ1, the crack density 

1
*ρ , which takes into account the variations when the equality 

in Equation (3-5) is satisfied, was numerically calculated. In 
this calculation, assuming that the crack density is periodic, 
the relationship between crack spacing and crack density 
expressed by Equation (3-7) was used.

1
1

1∗
∗

=
x

ρ
    

..............................................................  (3-7)

Next, the relationship between stress and strain was 
obtained. When the midpoint between newly formed cracks 
is taken as the origin, the average strain of the entire 
composite, 1, is given by Equation (3-8), where the fiber 
strain is averaged over the crack spacing because the cracks 
are periodically aligned.

 1
1

22 1

=
∗

∗

x
dxf

m
x /

0
    

..............................................  (3-8)

The calculation results are given in Equations (3-9) and 
(3-10)(1).
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.............................................  (3-10)

3.2	 Calculation results
The calculation results for random matrix crack growth 
obtained by the Monte Carlo simulations were compared 
with those for the periodic matrix crack growth model that 
takes defect variations into consideration. Figure 8 shows 
the stress–strain relationship and Fig. 9 shows the crack 
density–stress relationship. Λ  = 1 represents the case in 
which the effect of variations in matrix cracks is not taken 
into consideration, whereas Λ = 1.337 represents the case in 
which the effect of variations in matrix cracks is taken into 
consideration. By applying the correction coefficient Λ = 
1.337, the calculation results for random matrix crack growth 
agreed well with those for periodic matrix crack growth.
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Fig. 7   Fitting curve for fracture energy vs. crack density  
	    calculated by Monte Carlo method	
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4.	 Fiber breakage model

4.1	 Calculation model
Since the strength of brittle materials such as ceramic 
fibers is determined by the size, shape, and distribution of 
microscopic defects in the material, the strength of individual 
fibers exhibits probabilistic variations. Therefore, a probabilistic 
fiber breakage model based on the Weibull distribution was 
applied. The fiber breakage probability, Pf  , is given by 
Equation (4-1)(1), (15).
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                                       .........................................  (4-1)

where S is the fiber stress, l s is the recovery length of fiber 
stress, σc is the characteristic stress, mf is the Weibull shape 
factor, and x0 is the range of fiber stress variation caused by 
fiber breakage. In addition, when determining the strength 
of composites, it is important to estimate how the load 
carried by broken fibers is redistributed to the unbroken 
fibers. Therefore, the global load sharing (GLS) model, in 
which the load carried by a fractured fiber is equally 
redistributed among all the remaining fibers after fiber 
breakage, was adopted. The GLS model is given by 
Equations (4-2) to (4-4)(15).

s1 1
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.......................................  (4-2)
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.....................................  (4-4)

where FR is the fiber breakage probability within the range 
2l s, Pdini

 is the fiber breakage probability due to initial 
damage, Pp is the probability that a matrix crack propagates 
into a fiber, δc is the characteristic length, and f d is the 
number of defects for initial damage per δc. Figure 10 shows 
matrix cracks and fiber breakage in the GLS model. Fiber 
damage was classified into initial damage, fiber breakage 
associated with matrix cracks, and fiber breakage due to 
applied loading. The fiber stress S is obtained by numerically 
solving the nonlinear Equation (4-2). When the balance 
between the fiber stress and the tensile stress can no longer 
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be maintained, that is, when σ1 attains its maximum value, 
the composite reaches its ultimate fracture strength.

Furthermore, since the GLS model tends to overestimate 
strain, calculations based on the local load sharing (LLS) 
model, which takes the effects of local fiber breakage into 
consideration, were also performed. The LLS model adopted 
in this study was based on a method that can utilize the 
fracture strength obtained from the GLS model. The 
probability Hn Lf z

 of a fiber bundle is given by Equations (4-5) 
and (4-6)(15).

n n

n

l l

∗ ∗∗
′

/) = − − −1 1 Φf b f bHn Lf z
( )) )(((σ σ μ γ

   
....  (4-5)

nl
nl

∗ = + ∆μ μ     ......................................................  (4-6)

where σfb is the fiber bundle stress, Φ is the cumulative 
distribution function of a Gaussian distribution with mean 

nl

*μ  and standard deviation nl

**γ  both taking account of local 
effects in the fiber bundle strength, n′ is a ratio of the 
minimum region determining the ultimate fracture within 
the evaluation region, μ is the ultimate fracture strength of 
the composite obtained from the GLS model, and Δnl

 is the 
strength correction for the critical number of fibers nl

(16), (17). 
Using these equations, the fracture strength fb

∗σ  at 
( )Hn Lf z

= 0 5.f b
∗σ  was obtained.

Finally, the strain increment Δ due to fiber breakage is 
given by Equations (4-7) and (4-8).
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This strain increment is added to the strain given by 
Equations (3-9) and (3-10) presented in Section 3.1. 
Accordingly, the relationship between stress and strain is 
given by Equations (4-9) and (4-10).
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4.2	 Parameters used in the calculations
The parameters used in the calculations are listed in Tables 1 
and 4. The material parameters for fiber breakage were 
obtained from fracture mirror observations in tensile tests of 
the SiC/CAS composites and used in the calculations(18). 
Since this strength includes the effect of initial damage, the 
number of initial defects, f d, was set to 0. In addition, the 
method proposed by Haruyama et al.(1) was adopted to 
determine the probability Pp of crack propagation from the 
matrix to the fiber. Specifically, the probability was 

determined from the relationship between the elastic 
modulus ratio and the energy release rate ratio with the 
conditions of crack propagation into dissimilar materials and 
crack deflection along the interface, as proposed by He et 
al.(19), together with the Weibull cumulative probability plot 
of the interfacial debonding stress obtained from the push-
out test. Since the Weibull cumulative probability plot data 
for the interfacial debonding stress of SiC/CAS composites 
could not be found in the literature, the results for SiC/SiC 
composites consisting of Nicalon® fibers and a SiC matrix 
fabricated by the chemical vapor infiltration (CVI) process 
were used instead(20). First, according to the results of He et 
al., the condition for matrix crack propagation into the fibers 
is given as follows, where Γ f is the fracture energy of the 
fibers.

= 0 385.
fΓ
dΓ

    

......................................................  (4-11)

Moreover, using the fracture toughness of SiC (Nicalon) 
fibers, Kf ≈ 1 MPa·m1/2 (21), the fracture energy was obtained 
as follows.

f
f

f

K

E
= =

2

5 26. ( )2J/mΓ
    

................................  (4-12)

Furthermore, from Equations (2-10), (4-11) and (4-12), the 
interfacial debonding when the matrix cracks propagate into 
the fibers was obtained as deb

*σ  = 215.6 MPa. This value was 
substituted into the Weibull cumulative probability plot of 
the interfacial debonding stress given by Equation (4-13).
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..............  (4-13)

Using the parameters of γ = 0 MPa, md = 1.0081, and σd0
 = 

61.793 MPa(1), F ( )deb
∗σ   = 0.94 was obtained. When the 

interfacial debonding stress is high, matrix cracks propagate 
into the fibers without being deflected at the interface. 
Therefore, assuming that matrix cracks propagate into the 
fibers when the interfacial debonding stress exceeds a certain 
value deb

*σ , the cumulative probability 1 − F ( )deb
∗σ  can be 

Table 4   Parameters of unidirectional SiC/CAS composites on  
	   matrix cracks and fiber breakage	

Symbol Explanation Value Unit

Γ d Interfacial debonding energy 0.1 J/m2

τ Interfacial shear stress 18 MPa

Γ m0 Fracture energy at the first matrix cracking 6(3) J/m2

Γ mmax
Maximum fracture energy 37.1 J/m2

ρ0 Characteristic matrix crack density 4.38 mm−1

a Coefficient related to the variation of defects 0.763 —

σc Characteristic fiber strength 2.25(18) GPa

mf
Weibull shape parameter related to fiber 
strength

1.7(18) —

f d
Number of defects for initial damage per 
characteristic length δc 

0 —

Pp
Probability of crack propagation from the 
matrix to the fibers

0.06 —
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regarded as the probability Pp that matrix cracks propagate 
into the fibers. Accordingly, the probability was obtained as 
follows.

1 0P Fp deb= − ( ) =∗ 06.σ     .................................  (4-14)
The parameters related to the LLS model are described in 

detail by Haruyama et al.(22)

4.3	 Calculation results
Figure 11 shows the comparison between the calculated and 
experimental stress–strain relationships. These results show 
that the calculated tangent modulus after matrix crack 
saturation agreed well with the experimental results. 
Although the GLS model overestimated the fracture strain, 
the results were improved by the LLS model. In addition, 
although the LLS model underestimated the value, it 
approximately predicted the experimental fracture strength.

5.	 Conclusion

Matrix crack growth calculations considering the variation 
of defects were performed using the energy-based matrix 
crack growth model in combination with the Monte Carlo 
method. As a result, the calculated stress–strain relationship 
agreed well with the experimental results up to the initial 
pseudo-ductile region, while the calculated crack density–
stress relationship also agreed well with the experimental 
results throughout the entire process from crack initiation to 
saturation. Furthermore, a periodic matrix crack growth 
model was investigated, and it was shown that results 
equivalent to those of the random matrix crack growth 
calculations using the Monte Carlo method could be obtained 
by introducing a correction coefficient. Furthermore, the 
GLS and LLS models, which consider the probability of 
matrix crack propagation into the fibers, were used as fiber 
breakage models. As a result, the LLS model accurately 
predicted the experimental fracture strain and, although it 
underestimated the value, also approximately predicted the 
experimental fracture strength.

The static tensile model for unidirectional CMCs described 
in this paper has also been extended to cross-ply CMCs. The 
model and the verification method are described in detail by 
Haruyama et al.(15), (22)
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